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0, 1-output x e y given by the nand operation table.

y

y e | 0 1

} x0[1 1
X—[o]+xey 11 0

If 1is “TRUE" and 0 is “"FALSE", then the A and V gates are

given by
y y y
A0 1 v]o 1 +]0 1
x0[0 0 x0[/0 1 x0[0 1
10 1 11 1 11 0



Switching Circuits
©0®000

e |0 1
A switching circuit can be built from N gates. N o1 1
171 0
T
yTLEW o
ZﬂE}—>BT

t(x,y,z)



Switching Circuits
0000

A switching circuit can be built from N gates.

=2
= Ol e
= = o
O |-




Switching Circuits
0000

A switching circuit can be built from N gates.

=2
= Ol e
= = o
O |-




Switching Circuits
0000

A switching circuit can be built from N gates.

=2
= Ol e
= = o
O |-




Switching Circuits
0000

A switching circuit can be built from N gates.

=2
= Ol e
= = o
O |-




Switching Circuits
0000

A switching circuit can be built from N gates.

=2
= Ol e
= = o
O |-




Switching Circuits
0000

e |0 1
A switching circuit can be built from N gates. N o1 1
171 0
OB
1 (o] —
011
1[0




Switching Circuits
0000

A switching circuit can be built from N gates.

=2
= Ol e
= = o
O |-

Performance Table
t(x,y,z)

N

H R R R, OOOOX

= = O O R = O O

H O, O, OKFO
N

t(x,y,z)




Switching Circuits
0000

e |0 1
A switching circuit can be built from N gates. N o1 1

171 0

Performance Table

x y z|txy,z)

0 0 0 X7

0 0 1 y*[L [o] —

0 1 0 E}—[

0 1 1 0 z—+[e] R

1 0 0

1 0 1

1 1 0

111 t(x.y.2)




Switching Circuits
0000

e |0 1
A switching circuit can be built from N gates. N o1 1
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An n-valued binary
gate with n = 5.
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An n-valued binary

gate with n = 5.

*|10 1 2 3 4
0|1 1 0 2 O
114 2 0 3 3
211 0 3 2 4
310 4 3 4 2
412 0 1 4 0

An n-valued switching
circuit with n = 5.
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Performance Table
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Performance Specification
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Performance Specification
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00 0] 0 S N oo
0 1 0 1

01 1 0 S 1.

1 0 O 1

1 0 1 0

1 1 0 1

1 1 1 0 ? t(x,y,z)
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Sheffer’'s Theorem (1913). Every 0, 1-switching circuit
performance specification can be realized by a circuit built only
from nand gates.

Definition. An n-valued gate G is a primal gate if every switching
circuit performance specification with values {0,1,...,n— 1} can
be realized by a circuit built only from G-gates.

Rosenberg-Rouseau Theorem (1967). A gate G is primal if and
only if it has no non-trivial subgates, automorphisms or
congruences.

Davies’ Theorem (1968). The asymptotic probability that a gate
is primal is % ~ 0.368.
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@ D. Clark, Evolution of algebraic terms 1: term to term
operation continuity, International Journal of Algebra and
Computation, Vol. 23, No. 5 (2013) 1175-1205.

@ D. Clark, M. Keijzer, L. Spector, Evolution of algebraic terms
2: the deep drilling algorithm, International Journal of Algebra
and Computation, Vol. 26, No. 6 (2016) 1141- 1176.

© D. Clark, L. Spector, Evolution of algebraic terms 3: beam
algorithms and term continuity, International Journal of
Algebra and Computation, Vol. 28, No. 05 (2018), 759-790.

Question 2. For which primal gates is Evolutionary Computation
successful?

Theorem. A primal gate efficiently yields switching circuits from
performance specifications by EC if it is asymptotically complete
(AC) and has no separating relations (NSR).
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The height H of a circuit is one more than the number of gates in
the longest path from the output to an input.
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Let G = ({0,1,2,3,4},*) be a binary gate and consider a fixed
choice of inputs, say d = (3,1,2,0,4,4,2,2,2,2). For each height
H we define probabilities

Bo(H) := Prob(t(d)

Bu(H) = Prob(t(d)
B2(H) := Prob(t(d)

| t is a circuit of height at most H)

ey

0
1|t is a circuit of height at most H)
2| t is a circuit of height at most H)
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Let G = ({0,1,2,3,4},*) be a binary gate and consider a fixed
choice of inputs, say d = (3,1,2,0,4,4,2,2,2,2). For each height
H we define probabilities

Bo(H) := Prob(t(d) = 0| t is a circuit of height at most H)
B1(H) := Prob(t(d) = 1| t is a circuit of height at most H)
B2(H) := Prob(t(d) = 2 | t is a circuit of height at most H)
B3(H) := Prob(t(d) = 3| t is a circuit of height at most H)
Ba(H) := Prob(t(d) = 4 | t is a circuit of height at most H)

For each input/output value g, we take 34(H) to be the probability
that a G-circuit of height at most H with input d will output q.
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Primal gate Go:

Typical d for 10 inputs:

—

d=(2,0,0,3,0,1,2,0,0,1)
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Primal gate Gy: 01 1 0 2 0

5 114 2 0 3 3

Typical d for 10 inputs: ol1 0 3 2 4

g 3]0 4 3 4 2
d_(2707073707172707071) 4 2 0 1 4 0

H o Bo(H)  Bu(H)  Ba(H)  Bs(H)  Ba(H)
1 0.500000 0.200000 0.200000 0.100000  0.000000
2
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*x |10 1 2 3 4

. _ 01 1 0 2 0

Prlmil gate Go: 112 2 0 3 3
Typical d for 10 inputs: 2|11 0 3 2 4

- 310 4 3 4 2
d=(2,0,0,3,0,1,2,0,0,1) 412 0 1 4 0
H Bo(H) B1(H) B2(H) B3(H) Ba(H)

1 0.500000 0.200000 0.200000 0.100000 0.000000
2 0.254545 0.427273 0.100000 0.081818 0.136364
3
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*|0 1 2 3 4

. _ 01 1 0 2 0

Prlmil gate Go: 112 2 0 3 3
Typical d for 10 inputs: 2|11 0 3 2 4

- 310 4 3 4 2
d:(2)0)073705152505071) 412 0 1 4 0

Ho Bo(H)  Bi(H)  Ba(H)  Bs(H)  BalH)
1 0.500000 0.200000 0.200000 0.100000 0.000000
2 0.254545 0.427273 0.100000 0.081818 0.136364
3 0.243315 0.212634 0.251693 0.111396 0.180962
5
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*|0 1 2 3 4

Primal gate Gj: oy1r 1.0 20

° 1/4 2 0 3 3

Typical d for 10 inputs: 2|1 0 3 2 4

- 310 4 3 4 2
d_(270707370a1a2a07071) 4 2 0 1 4 0

H o B(H)  BuH)  Ba(H)  Bs(H)  Ba(H)
1 0.500000 0.200000 0.200000 0.100000 0.000000

2 0.254545 0.427273 0.100000 0.081818 0.136364

3 0.243315 0.212634 0.251693 0.111396 0.180962

5 0.275406 0.239708 0.168908 0.118508 0.197470
10 0.292228 0.236356 0.173358 0.121365 0.176693
15 0.292575 0.236033 0.173475 0.121482 0.176435
20 0.292581 0.236024 0.173479 0.121485 0.176431
700 0.202581 0.236024 0.173479 0.121485 0.176431
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Definition. A primal gate G is asymptotically complete if, for
each input d, each of the sequences

ﬁ07517627 s

converges to positive number.

Is the gate G, asymptotically
complete?
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Try Gy with d= (4,4,4,4,4,4,4 4.4 4):

H Bo(H) B1(H) Ba(H) Bs(H) Ba(H)
0.000000 0.000000 0.000000 0.000000 1.000000
0.909091 0.000000 0.000000 0.000000 0.090909
0.091585 0.825764 0.082576 0.000000 0.000075
0.247629 0.183697 0.071840 0.477235 0.019599
10 0.294218 0.235343 0.172498 0.125556 0.172385
15 0.292666 0.235994 0.173471 0.121533 0.176336
23 0.202581 0.236024 0.173479 0.121485 0.176431
700 0.202581 0.236024 0.173479 0.121485 0.176431

clw N
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0.909091 0.000000 0.000000 0.000000 0.090909
0.091585 0.825764 0.082576 0.000000 0.000075
0.247629 0.183697 0.071840 0.477235 0.019599
10 0.294218 0.235343 0.172498 0.125556 0.172385
15 0.292666 0.235994 0.173471 0.121533 0.176336
23 0.202581 0.236024 0.173479 0.121485 0.176431
700 0.202581 0.236024 0.173479 0.121485 0.176431

clw N

For G, with d = (2,0,0,3,0,1,2,0,0,1), we obtained

700 0.292581 0.236024 0.173479 0.121485 0.176431
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Conjecture 1. If G is a primal gate and all 3 sequences converge
to positive numbers for some input d, then all 5 sequences
converge to the same positive numbers for every input d.

If this is conjecture is true, then we only need to check a single
choice of d to decide if a primal gate is AC!

Conjecture 2. The primal gate Gy is asymptotically complete.

Question. /s every primal gate AC?
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NAND N with d = (0,1,1,0,0,1).

= ol e
e el k=)
O ==

Bo(H)  Bi(H)
0.50000 0.50000
0.31250 0.68750
0.47321 0.52679
0.27753 0.72247
0.52196 0.47804
0.22853 0.77148
0.59517 0.40483
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e |0 1

NAND N with d = (0,1,1,0,0,1). 01 1
1(1 0

Bo(H)  B1(H) H  Bo(H)  Bi(H) H  Bo(H)  Bi(H)
0.50000 0.50000 8 0.16388 0.83612 15 0.99308 0.00693

0.31250 0.68750 9 0.69909 0.30091 16 0.00005 0.99995
0.47321 0.52679 10 0.09055 0.90945 17 0.99990 0.00010
0.27753 0.72247 11 0.82710 0.17290 18 0.00000 1.00000
0.52196 0.47804 12 0.02989 0.97011 19 1.00000 0.00000
0.22853 0.77148 13 0.94111 0.05889 20 0.00000 1.00000
0.59517 0.40483 14 0.00347 0.99653 21 1.00000 0.00000

N~ o AN W N = I
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NAND N with d = (0,1,1,0,0,1).

= Ol e
el K]
O =

Ry

Bo(H)  Bi(H)
0.50000 0.50000

H Bo(H)  Bu(H)  H  Bo(H)  Bi(H)
1 0.16388 0.83612 15 0.99308 0.00693
2 0.31250 0.68750 9 0.69909 0.30091 16 0.00005 0.99995
3 0.47321 0.52679 10 0.09055 0.90945 17 0.99990 0.00010
4
5
6
7

(e}

0.27753 0.72247 11 0.82710 0.17290 18 0.00000 1.00000
0.52196 0.47804 12 0.02989 0.97011 19 1.00000 0.00000
0.22853 0.77148 13 0.94111 0.05889 20 0.00000 1.00000
0.59517 0.40483 14 0.00347 0.99653 21 1.00000 0.00000

This pattern was observed to continue to H = 700.
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This pattern was observed to continue to H = 700.

Conjecture 3. NAND is a primal gate that is NOT AC!
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Theorem. Bill's Gate has No Separating Relations.
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Theorem. The gate Gg has No Separating Relations.
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Conclusions
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Statistical Test. Samrat generated 1000 random 5-element gates.
Together we found that

@ 257 were primal. (&5 = 0.257 ~ 0.368),
@ 254 of the primals were AC.
@ 257 of the primals had NSR.

Conjecture 4. Almost all primals are Asymptotically Complete.

Conjecture 5. Almost all primals have No Separating Relations.

If these conjectures are true, then evolutionary methods will find
circuit designs for almost all primal gates.



Thanks for listening!
— David

clarkd@newpaltz.edu
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