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The first paper in this series introduced the notion of term to term operation continuity
for finite groupoids, and proved that two testable conditions on a finite groupoid imply
that it is term continuous (TC). The second presented an evolution inspired algorithm
for finding terms for operations, and gave experimental evidence that, in general, it was
successful exactly when the groupoid was both idemprimal and TC. In this paper, we
describe a new class of algorithms for finding terms which brings these results together.
Theorems about idemprimality and term continuity show how each of these two prop-
erties impact our algorithms. They lead to a final explanation for the success of our
algorithms when the groupoid is both idemprimal and TC.
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1. Introduction

This is the final installment in our three part series introducing evolutionary meth-
ods for finding terms for term operations on a finite groupoid. This is equivalent to
the problem of designing a switching circuit from a performance specification with a
single finite groupoid defining its gates. We will prove a theorem showing how term
continuity, characterized in EAT 1 [3], can, in combination with idemprimality,

*Corresponding author.

759


http://dx.doi.org/10.1142/S0218196718500352

760 D. M. Clark € L. Spector

drive the computational success of a class of evolution inspired algorithms, algo-
rithms similar to the Deep Drilling Algorithm presented in EAT 2 [5]. While this
theorem gives us a strong connection between computation and algebra, we will
see that it simultaneously adds to a growing list of interesting and still unresolved
questions and conjectures raised in [3] and [5] about this subject.

The underlying problem addressed in this series comes from the theory of primal
algebras. Recall that a non-trivial finite algebra G is primal if every operation on
its underlying set is the term operation f(Z)® of some term f(Z). Rousseau proved
a corollary to Rosenberg’s Theorem giving a very simple way to test for
primality if the algebra has exactly one fundamental operation that is at least
binary. It says that the algebra is primal if and only if it has no proper subalgebras
and no non-trivial congruences or automorphisms. This is one of those strange
and wonderful results of mathematics that guarantees the existence of something
without giving any indication as to how to find it.

As an illustration of this idea, an easy application of Rousseau’s theorem shows
that the groupoid Dy in Fig. [l is primal. This implies, for example, that there is a
term representing the ternary discriminator operation d:D? — D7 on Dy. So we
can ask, how difficult is it to find a discriminator term for D;? The two previously
known methods to do this are examined by Clark, Keijzer and Spector [5], the first
primarily computational and the second primarily algebraic.

e The first is a random search in which we enumerate all ternary terms in increasing
size order, and check each one to see if it is a discriminator term. This method
is guaranteed to give us a minimal solution, but it requires searching 44° ~ 1038
ternary operations on D;. In [B, Fig. [3] it is estimated that this would take a
fast computer with unlimited memory, checking a million terms per second, an
estimated expected time of 10%® years.

e The second is the algebraic test of Clark, Davey, Pitkethly and Rifqui [H]. It
draws on the UACalc program of Freese et al. [6] to efficiently produce a recursive
description of the required term. But the recursion tends to produce long terms.
In this case, [5, Theorem 5] returns an estimated number of variable occurrences
in the resulting discriminator term of 10%5.

Unfortunately these two methods leave us with the unsettling choice of getting a
compact term in an unfeasibly long time or quickly getting a compact recursive
description of an unfeasibly long term.

a ifa#b,

c ifa=0b.

D, d(a,b,c) := {

W N = O %
NN = =O
N O N W
— O N =N
N W W N Ww

Fig. 1. A primal groupoid Dy := ({0, 1,2, 3}, ) and its ternary discriminator operation.
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The goal of this series is to investigate search methods to find human scale
solutions to problems like this in human scale time. All of our algorithms terminate
if and only if they find a correct solution. They all use randomizing methods that
make random choices along the way. Thus, it is unlikely that they will always return
a correct solution, as there can be particular sequences of choices that lead to failure.
Our objective is to establish conditions under which they will eventually produce a
correct solution with probability one.

In order to state the general problem precisely, we need to lay out a few concepts.
A k-ary array over a finite algebra G is a function A:G* — 2¢, that is, a G*-
indexed sequence of subsets of G. A solution to a k-ary array A over G is a k-ary
term u(Z) such that u(a@) € A(@) for all @ € G*.

Term Generation Problem. The Term Generation Problem (TGP) for a finite
algebra G is the problem of finding a solution to a given array over G under the
assumption that it does have a solution.

For example, finding a term to represent a particular k-ary operation f:G* — G
is equivalent to solving the array (f) where (f)(d) := {f(cf)} for each d € G*. The
problem of finding partially specified terms, like Mal’cev terms, Pixley terms and
majority terms, can be viewed as solving arrays over G which have value G on the
triples that are not relevant to those respective terms. The methods used in [5] and
in this paper to find terms for operations inherently require solving the broader
problem of finding solutions to arrays.

Evolutionary methods to solve the TGP began with the proof-of-concept
paper [I3]. There the authors used a range of conventional genetic programming
techniques to find terms on several sample 3-element primal groupoids in search
spaces of ternary term operations of sizes up to 33" & 10'3. Success on that effort
was sufficiently compelling to win first place in the GECCO 2008 Human Com-
petitive competition and launch the current Evolution of Algebraic Terms 1, 2,
3 series.

X ok ok ok ok

In EAT 1 [B] Clark studied a principle that is fundamental not only to biological
evolution and evolutionary algorithms, but to many search algorithms that are only
remotely connected to evolution. The targets of these searches might be organisms,
term operations or maybe windmill blades. In each case they typically have two
forms: the genotype, a symbolic design (a DNA strand, a term or a set of blueprints),
and a phenotype, the object itself (an organism, a term operation or a windmill
blade). Variations in the genotypes are reflected in corresponding variations in
the phenotypes, making their population more diverse and more likely to include
improvements. But it is important that changes in phenotypes be small in order
to preserve previously acquired benefits. The process then depends on knowing
that small changes in the genotypes will result in correspondingly small changes in
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the phenotypes. This condition was phrased in [3] as a condition on the particular
search problem.

Continuity Condition. The map taking genotypes to phenotypes is continuous
in the sense that small changes (mutations) in genotypes normally lead to small
changes in their phenotypes.

The initial task of [3] was to give a precise definition of the Continuity Condi-
tion in the context of the TGP, with terms as genotypes and term operations as
phenotypes. We will review the relevant details in Sec.[d. The height of a term is
the height of its term tree, with the height of a variable being one. As in [3] and
[5], we draw term trees with the root at the bottom so that a subterm deeper in
the term corresponds to a node higher in the term tree. For our purposes, here we
initially phrase the continuity condition on a groupoid as follows.

Continuity Condition for Groupoids. For a positive integer k, a finite groupoid
G is k-term continuous (TC) if, in general, changes to a subterm of a k-ary term
alter fewer values of the resulting term operation when the subterm is deeper in the
term.

A precise formulation of this asymptotic condition is given in [3] and reviewed here
in Sec. [6, Theorem [4] However, that formulation does not offer any indication
as to how we might in practice test a given groupoid for term continuity. In
two testable conditions on a finite groupoid are described that together imply term
continuity. Very briefly, let G be a finite groupoid, & and H be positive integers, de
G* and a € G. Let ﬁJ,a(H) be the probability that a k-ary term of height at most

H will take value a at d. Then G is asymptotically k-complete if the sequence
B, is eventually bounded away from zero whenever a is in the subgroupoid of G

generated by the range of d A non-empty, irreflexive, symmetric binary relation o
on G is a separating relation if it is preserved by left and right multiplication by
elements of G. We say G has no separating relations (NSRs) if no subgroupoid
of G has a separating relation.

Spreadsheet calculations of sample sequences (3 7o are shown in [B] and [5] to
normally give compelling evidence (but no proof) that a groupoid is or is not
asymptotically k-complete. A simple paper and pencil test on G will either exhibit
a separating relation or prove that none exist, thereby deciding if it has NSRs. The
main result of [3] is the following theorem.

Continuity Theorem. For a positive integer k > 1, if a finite groupoid is asymp-
totically k-complete and has NSRs, then it is k-TC.

* ok ok ok ok

EAT 2 [5] examined the two prior methods to solve the TGP referenced above
and then presented the Deep Drilling Algorithm that solves the TGP by producing
human scale terms in human scale time for groupoids with exceptionally large



Term continuity and beam algorithms 763

search spaces. It was here that idemprimality arose. An element e of an algebra
is an idempotent if {e} forms a subalgebra. A primal algebra cannot have an
idempotent, as an operation not preserving the idempotent would not be a term
operation. A non-trivial finite algebra is idemprimal if every operation that does
preserve its idempotents is a term operation. A well known result says that, in a
specific sense, almost all finite algebras are idemprimal.

Theorem (Murskii [8], 1975, or Chap. 6). Let Op be a finite type with at
least one operation that is at least binary. Then the proportion of algebras G :=
({0,1,...,n—1},0p%) that are idemprimal approaches one asn approaches infinity.

Still open conjectures from [3] predict that almost all finite groupoids are asymp-
totically k-complete and have NSRs as well, and are therefore k-TC. EAT 2 went on
to document randomized trials which experimentally demonstrated a strong posi-
tive correlation between success of the Deep Drilling Algorithm and the groupoid
being both idemprimal and k-TC. However, it fell short of giving any explanation
as to how term continuity contributes to the success of this algorithm. It ends with
a range of still unsolved problems that arose from this work. The first of those
problems concerns term continuity.

Problem 1. Prove a theorem that explains how term continuity (or the combina-~
tion of asymptotic completeness and NSRs) helps to ensure the success of the Deep
Drilling Algorithm.

ORI S S

This paper, EAT 3, ties together term continuity of EAT 1 [B] with a new class
of algorithms for solving the TGP, the Beam Enumeration Algorithms (BEAs),
that are rather comparable to the Deep Drilling Algorithm of EAT 2 [5]. The role
of idemprimality in these algorithms is given by Theorem Hl (a slight extension of
Bl Theorem 11]), Theorems Bland @ The bulk of this paper is devoted to an inves-
tigation and explanation of the role of term continuity, culminating in Theorem 211
We end by presenting a particular BEA and illustrating its success with groupoids
that are both idemprimal and k-TC.

2. Valid Partial Terms and Idemprimality

In this section, we will see how the TGP can be formulated in such a way that
primality (and, more generally, idemprimality) allows us to make a significant step
toward a solution. Let k be a fixed positive integer. By a term we mean a term
in the variables ¥ := (xo,x1,...,2x—1) with some fixed finite set of operation sym-
bols. We will use a new variable ¢ (lozenge) and define a partial k-ary term to
be a term f(Z, Q) in variables xg, z1,..., 251, in which ¢ occurs exactly once.
A completion of a partial term f(Z,0) is a term f(Z, u(Z)) obtained by substi-
tuting a k-ary term w(Z) for ¢ in f(Z, 0). The notion of a completion suggests a
two-step method to solve an array A.
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Step 1. Generate partial terms f(Z, Q) that can be completed to solutions to A.

Step 2. For some partial term f(Z, ) generated in Step 1, find a term u(Z) such
that f(Z,u(Z)) is a solution to A.

Clearly this method depends on finding a way to tell if f(Z, ) can be completed
to a solution to A prior to finding a term wu(Z) that will achieve that completion.
We will give a method of doing Step 1 in this section, and then devote the rest of
the paper to Step 2.

We begin Step 1 by looking at a means to eliminate a generally vast proportion
of the partial terms which have no completion to a solution to A. Given a k-ary
array A over a finite algebra G, we say that a partial k-ary term f(Z, Q) is valid
with respect to A if,

for all d € G*, there is a b € G such that f(d,b) € A(d).

Alternatively, f(Z,Q) is valid with respect to A provided that there is a k-ary
operation h: G* — @ such that f(d, h(d)) € A(d) for all d € G*. Thus, f(Z,0) has
a completion that is a solution to A if and only if f(Z, ) is valid with respect to
A and there is a k-ary operation h witnessing its validity that is a term operation
of G. Given G and A, it is computationally easy to test partial terms for validity
with respect to A. A partial term which fails that test could not possibly have a
completion that is a solution to A. If G is idemprimal, then these two notions are
equivalent.

Theorem 1. Let G be an idemprimal algebra, let A be a k-ary array over G that
has a solution, and let f(Z, ) be a partial term. Then f(Z, ) has a completion that
is a solution to A if and only if it is valid with respect to A.

Proof. Assume that G is idemprimal and f (&, ¢) is valid with respect to A. Define
g:G* — G as follows. Let deGr. Ifd= (e,e,...,e) where e is an idempotent, let
g(e,e,. .., e) = e. Otherwise, let g(d) be any element b € G for which f(d, b) € A(d).
Since g preserves idempotents, there is a term () such that t& = g. If u(Z) is a
solution to A, then we have, for each idempotent e of G,

fleye, ... e t(e,e, ... e)) = fle,e,....e;e) =e=ule,e,...,e) € Ale,e, ..., e).

Thus, f(d,t(d)) € A(d) for all d € G*, and therefore f(Z,t(Z)) is a solution to A.
O

If G is idemprimal, we can do Step 1 by generating partial terms in any systematic
way, and then testing each one for validity with respect to A. Theorem[I] guarantees
that the valid partial terms we find will have completions to solutions to A without
giving any information about how to find those completions.

Recall that a non-trivial finite algebra is semiprimal if every operation that
preserves all subalgebras is a term operation. It is natural to ask if Theorem [
extends to semiprimal algebras. It turns out that it does not. Consider the 3-element
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Berman and Burris Catalog #571

N O OO
N O

*
0
1
2

Fig. 2. A semiprimal groupoid.

groupoid #571, listed as being semiprimal in the Berman and Burris Catalog
of 3-element groupoids (Fig. 2).

Example 2. Let k£ = 1 and let T" be the array over the semiprimal groupoid #571
from [2] taking 0 to {0} and both 1 and 2 to {2}. Then z2{ is valid with respect
to T but has no completion to a solution to T'.

Proof. We first check that 22¢ is valid with respect to T
02x0=0€ {0}, 12x0=2€{2}, 2?x1=2¢€ {2}

Suppose that z%t(x) were a solution to 7. Then we would have 2 = 1%x¢(1) = 2xt(1)
so t(1) would have to be 0. But 0 ¢ {1,2} = sg{1}. |

3. BEAs for the TGP

Given an idemprimal algebra G and an array A that has a solution, Theorem [says
that we can do Step 1 by generating partial terms and testing them for validity. In
order to do this, we first follow [3] and [5] and, from this point on, take G to be a
groupoid, that is, an algebra with a single (often unwritten) binary operation.

We also need to fix a method to generate partial terms. By a Valid Term
Generator (VTG) we mean a randomizing algorithm that takes as input a finite
groupoid G and a k-ary array A over G that has a solution, and then generates a
sequence of k-ary terms in such a way that the probability that every k-ary term
operation has been represented approaches one. For each term u(Z) generated it
checks the two partial groupoid terms u () and Qu(Z) for validity with respect to
A, and outputs all of those found to be valid.

In this section, we will describe a means of using a VI'G to carry out Step 2.
Given a partial term f(Z, Q) that is valid with respect to a k-ary array A over G
from Step 1, we must find a term u(Z) so that f(Z, u(Z)) is a solution to A. To do
this we define the validity array for f(&Z, Q) over A, denoted by [f(Z,0): 4], as

[f(Z,0): Al(d) == {be G| f(d,b) € A(d)}

for all d € G*. The array [f(Z,0): A] is the array of witnesses that f(Z,¢) is valid
with respect to A. Note that f(Z, ) is in fact valid with respect to A if and only if
there are enough witnesses that each of the component sets of [f(Z, 0): A] is non-
empty. The following lemma shows that Step 2 is itself an instance of the TGP.
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Lemma 3. Let A be a k-ary array over a finite groupoid G, let f(Z,0) be a partial
term and let w(Z) be a term. Then f(Z,u(Z)) is a solution to A if and only if u(Z)
is a solution to the validity array [f(Z,0): A] of f(Z,0) over A.

Proof. We have that f(&,u(Z)) is a solution to A
if and only if f(d,u(d)) € A(d) for all d € G*

if and only if u(#) is a solution to [f(Z,0): Al. O

This means that we can solve a target array A if we can find a partial term
f(&,0) that is valid with respect to A and then solve the validity array B :=
[f(#, 0): A]. In order to solve B, we could recursively apply the same procedure,
finding a partial term ¢(&, ¢) that is valid with respect to B and then solving its
validity array. This process could lead to a hierarchy of partial terms and associated
validity arrays. If we could find a solution to any one of those validity arrays, we
could back propagate solutions down to a solution to A. This process is illustrated
as a tree T in Fig. Bl using a hypothetical example of an unspecified a target array
T over an unspecified finite groupoid G. We assume we have a particular VTG to
produce valid partial terms and a finite set M of terms that will serve as guesses
for solutions.

At Level 1 the root of T is the partial term ¢, where we take its parent array
to be T'. The root is labeled with ¢ and its validity array over the parent array T,
which is also T'. We begin by checking to see if the validity array T has a solution
in M. If not, applying the VTG to G and T might give us the three partial terms
((z120)22)0, 100 and Qz?, all valid with respect to T', at Level 2. We then calculate
their respective validity arrays A, B and C over T and check to see if any of them
have a solution in M. If not, we again invoke the VTG to produce partial terms at

J = [(x421)0 : H] izt € M

2(_:[[(%3 )Q / (z471)0 2 J Qa3+ K (zox3)Q : L
= [(ZoZx3 :

G = [(1‘2.%‘4)0 : E] \ \ /

H := [0z : E] (2224)0 : G O H 220 T

I:=[220: F] ‘ ‘

D= [01‘4 : A] Quxa : D Qxs : E 30 F

E :=[0x3 : B] ‘ ‘ ‘

i : {(x(z?xoc)lz)o . T ((x120)22)0 + A 200 : B Qa2 : C

B = [2¢0 : T \ ‘ /

C = 003 : 7] o: T

Fig. 3. Tree T of partial terms and their validity arrays, each valid with respect to its parent
array.
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Level 3 that are valid with respect to those arrays. Figure Blillustrates the tree T
with each partial term valid with respect to its parent array.

Suppose that at some point we were to find in M a solution to one of these
validity arrays. For example, suppose 2323 € M were a solution to J. Since (z471)0
is valid with respect to H and J is its validity array over H, Lemma [3] says that

(z471)(z323) would be a solution to H. Repeatedly applying Lemma [B] we see that

((z41)(2323))23 would be a solution to E,
(((x4m1)(z322))23) 23 Would be a solution to B, and now
2o((((wqm1)(z322))23)23) would be a solution to T'!

We will now formulate this strategy as a general schema for solving the TGP
that omits a number of details. A BEA is any algorithm obtained by filling in those
details. Our final theorems will apply to all BEAs. Our schema will be broad enough
to allow for a range of particular BEAs. At the same time, it will be restrictive
enough to allow us to prove theorems saying that all BEAs will successfully find
terms for most finite groupoids. Two BEAs will differ only in how efficiently they
produce solutions. Among the different particular BEAs the more efficient ones will
be able to produce solutions to more difficult instances of the TGP in an acceptable
time frame.

These algorithms, as illustrated by the example above, are reminiscent of a
commonly used method to do tree searches. Full tree searches are often unsuccessful
because of the amount of time and memory space they consume. A beam search
is a search of a tree for a particular target that starts at the root and works upward,
level by level, with a fixed finite bound b on the number of nodes it will examine
at each level above the root. (See, e.g., [9].) Typically it attempts to select those
nodes in a way that is progressively more likely to lead to a solution. As a result, the
nodes examined form a rooted tree of some finite width b, called a beam tree. Our
algorithms for the TGP are almost beam algorithms, but the tree T being searched
is not specified in advance. In Sec. B, we will see the advantages of a method to
recast them as beam algorithms searching a single beam tree J’. We therefore define
a BEA as any algorithm for solving the TGP obtained from the following general
schema.

Schema for BEAs

Choose positive integers b and h that meet the restrictions we describe below, a
finite test set M of terms that includes the single variables, a VT'G constrained to
produce only partial terms of height at most h and a strategy for using the VTG.
Given a k-ary target array T over a finite groupoid G that has a solution construct
a beam tree T in successive levels, each level above the root consisting of b partial
terms and their associated arrays, as follows.

(1) The root, Level 1, will consist of the one partial term ¢ with associated array
T (the validity array of ¢ over T).
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(2) Once Level H of T has been constructed, check each Level H array to see if it
has a solution in M.

(a) If one has a solution in M, stop building T. Substitute that solution into
that Level H partial term, and back propagate solutions down to the root.
Output the term generated at the root and terminate.

(b) If no solution is found, move on to construct Level H + 1.

(3) Use the VTG to search for a sequence of b partial terms for Level H + 1,
each valid with respect to the validity array of some partial term at Level
H. Calculate the validity array of each of these partial terms over its parent
array.

The example of Fig. 3 illustrates a hypothetical tree of partial terms generated
by a BEA with k£ = 5 variables, h = 3 as the height limit of terms generated
by the VTG, and b = 3 partial terms at each level. When the solution z3z2 to
J = [(x421)0: H] is found in M, the BEA invokes step (2a) to produce the solution
(v421)(z323) to H and back propagates down the tree T to produce the solution
2o((((wa1)(2328))23)2s) to T

A specific BEA is constructed by choosing values of the five parameters that have
been left unspecified in this schema. We briefly list some options and constraints
for making these choices.

(1) Value of h. The parameter h must be large enough to allow the VTG to
produce the required valid partial terms when they do exist. This can always be
achieved by choosing h large enough to include a term representing every k-ary
term operation. Among values of h that are sufficiently large, smaller choices will
make term generation faster. Our experience is that small values of h are generally
adequate.

(2) Value of b. A wider beam offers more opportunity to find a solution at each
level, but requires more time be spent at each level unless the valid partial terms
are being processed in parallel. If they are not, a narrower beam will grow vertically
more quickly. Note that the sequence of b partial terms may include duplicates.

(3) Choice of Valid Term Generator. We can suggest four different types of
VTGs.

e Deterministically enumerate all terms from small to large, starting with the vari-
ables. This method results in more compact solutions because it delivers the first
successful term found, which is of minimal length. However, consider any path
up the tree that is produced. There are only finitely many combinations of an
array A, a term operation for u(Z), and a choice of Qu(Z) or w(Z)¢ valid with
respect to A. If such a combination appears as a descendant of itself, the interval
between the two may be repeated forever by a deterministic enumeration and the
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program will never terminate. This becomes more of a hazard when the groupoid
is small and b is small.

e At the other extreme, we can use the Grow algorithm of Kosa [7] to generate
random terms. Grow constructs a binary tree from the root up. Each new node
is made a leaf or branch node with equal probability until no branch nodes
remain, and then it randomly assigns variables to the leaves. It is easy to see
that each term has a positive probability of being produced that drops quickly
with the size of the term. In [7] it is shown that Grow will eventually terminate
with probability one. This method appears to solve the repetition problem, but
at the cost of producing solutions of inconsistent and often large size.

e As an intermediate method we can use the deterministic method but randomize
the order of some fixed initial segment of the terms to get a mix of the advantages
and liabilities of the deterministic and Grow methods.

e Many techniques are available to design evolutionary algorithms to produce valid
terms directly. A natural measure of validity fitness of a partial term would be
the number of k-tuples at which the condition for validity is satisfied. These tech-
niques tend to be more time consuming than those above, but can be productive
when the TGP becomes more difficult.

(4) Use of VTG. There are different strategies for using the VT'G. For example,
it could produce at each level some fixed number greater than b of valid partial
terms, and then in some way prune them down to b valid partial terms based on
some measure of how close a partial term is to a solution.

(5) Choice of M. A larger test set M offers more opportunities to terminate the
search at the cost of more time being spent testing each valid partial term. As an
extreme case of this, we could take M large enough to include a term for every
k-ary term operation. In that case, we would be guaranteed to find a solution at
Level 1. But the time to check through all the terms of M for a solution would
quickly become unfeasible, as demonstrated in [5], Fig. Bl At minimum we require
the variables to be in M since, if the only solutions to an array are among the
variables, they would not otherwise be found.

The next theorem draws on Theorem [[] and Lemma [3] to explain the essential
role of idemprimality in the success of BEAs.

Theorem 4. Assume that an idemprimal groupoid G and a target array T that
has a solution are input to a BEA. Then every array produced by the BEA also has
a solution.

Proof. This is true at the first level since T has a solution. Consider a partial
term f(Z, Q) valid with respect to its parent array A that has a solution, and let
B = [f(#,0): 4] be its validity array. By Theorem [[] there is a term w(Z) such
f(Z,u(Z)) is a solution to A. By Lemmal3] the term u(Z) is a solution to B. m|
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4. Termination

[5, Theorem 8| showed that the Deep Drilling Algorithm will either terminate and
deliver a correct solution or will never terminate. The same is true for BEAs.

Theorem 5 (Termination Theorem). For every finite groupoid G and target
array T over G that are input to a BEA, the following are equivalent for each
integer H > 1:

(i) The BEA will produce a solution to T from a partial term at Level H.
(ii) The BEA will find in M a solution to some validity array at Level H.
(iii) The BEA will terminate in step (2a) immediately after constructing Level H
of the tree.

Proof. Assume (i). This can only happen if (2a) is executed, which implies that
(ii) has occurred. If (ii) occurs, then Lemma [3 tells us that the BEA will apply
(2a) and generate a solution to each validity array on the path from that node of
the tree to the root and will then produce a solution to T" and terminate, giving
us (iii). If (iii) occurs, then the BEA must have invoked step (2a) immediately after
constructing Level H so (i) must have occurred. O

Knowing that solving the target is equivalent to terminating, we would like to
see just what non-termination of a BEA can look like. Each run begins with Level
1 for T, consisting of the partial term ¢ and its validity array 7" over T'. There are
only two ways that a BEA can fail to terminate.

(1) For some H > 1 it never finds b valid partial terms to construct Level H + 1.
(2) It constructs Level H + 1 for every H > 1 without ever finding a solution in M
to any array in 7.

If the groupoid is idemprimal, it turns out that (2) accounts for almost all failures
of a BEA to terminate.

Theorem 6. Assume that an idemprimal groupoid G and a target array T that
has a solution are input to a BEA. Then, for each H > 1, a run of the BEA that
does not eventually terminate will construct Level H + 1 of T with probability one.

Proof. Consider runs of the BEA that do not terminate and return a solution.
We will show that they construct Level H of T with probability one by induction
on H. They all construct Level 1 since Level 1 has already been constructed when
they start. Assume that they construct Level H of T with probability one. If we
can show that they will construct Level H + 1 with probability one whenever they
have constructed Level H, it will follow that they will construct Level H 4+ 1 of T
with probability one. Assume a run has constructed Level H of T.

Since it does not terminate at Level H + 1, no solution to the Level H partial
terms will be found in M at Level H + 1. It will therefore invoke the VTG to
look for partial terms valid with respect to some Level H array for Level H + 1.
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Consider any Level H array A. By Theorem M, we know that A has a solution.
Since A does not have a solution in M and M contains the variables, we know
that it has a solution u(Z)v(Z) that is a product. Consequently u(Z)$ and Quv(Z)
are two partial terms valid with respect to A. By our choice of h, there are terms
u'(Z) and v'(Z) having, respectively, the same term operations as u(Z) and v(Z)
and both having height at most h. Thus, for each array at level H there are at least
two partial terms, v/ (Z)¢ and Ov’'(Z), that the VI'G could produce at Level H + 1
which are valid with respect to that array. Since we allow duplicates, the VT'G will
eventually produce b of them for Level H 41 with probability one. Calculating their
validity arrays will construct Level H + 1 with probability one. O

In view of Theorem [B] it remains to find out if the BEA will eventually find in
M a solution to some array in J. Looking at Fig. Bl we must ask:

(x) What would give us reason to believe that some array in T is likely to have a
solution in M?

Perhaps a prudent choice of M7 Recall that our only constraint on the finite set
M is that it contain the single variables. A larger choice of M has more chance
of containing a solution, but costs in time to check every validity array produced
by the VTG for that solution. We are generally looking for the solution in a vast
search space of k-ary term operations, so we cannot expect it to arise by accident.
We need a good reason to believe that the BEA will find one.

5. Partial Terms Valid with Respect to the Target Array

To answer the question (x), we consider an arbitrary finite groupoid G with a k-ary
target array T' that has a solution as inputs to a BEA. In the tree T of partial terms
that it produces, each partial term is accompanied by its validity array over the
array at its parent node (or over T, if it is the root). We will show in this section
that there is another way we can label the nodes of the tree T that might be more
illuminating. We start with the underlying tree structure of T and construct the
integrated tree J’ by recursively relabeling the nodes with only partial terms.

(1) The root of J” is labeled ¢.
(2) Assume that a parent node is labeled p(Z, ¢) in 77 and a child of that node is
labeled g(#, Q) in T. Then that child node is labeled p(Z, g(Z, )) in T".

Applying this construction to the tree T in Fig.[3, we obtain the tree 7’ in Fig.

Note that the partial term at the upper left is valid with respect to T because we
can complete it to the solution we previously found to 7" by replacing ¢ with z3x3.
Similarly, the partial term at its parent node is valid with respect to 7" using instead
the replacement term (z471)(2322). Continuing in this same way down to the root
suggests that perhaps every partial term in J” is valid with respect to T if G is
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2o ((((421)0)3)23) (z3(22(0x3))) 2T (z3(x2((w023)0)))xT

S T

zo(((2224)0)x3) zo((Q23)as)  (23(220))]
((z1 wo)%z)(<>9c4)\wo(<>xs) (230)7
((z120)22)0 ‘ 200 O3
\ /
O

Fig. 4. Integrated tree J7, with each partial term a compilation of those up to it in T.

idemprimal since all the validity arrays have solutions. The next theorem gives two
important connections between the trees T and 7.

Theorem 7. Assume that a finite groupoid G and k-ary target array T are input
to a BEA, which then generates the tree T of partial terms and their validity arrays.
Let T be the resulting integrated tree and let f(Z, ) be any partial term of T'.

(i) The height (level) of f(Z,0) in T’ is the same as the height (depth) of ¢ in the
term tree of f(Z,0).

(ii) f(Z, Q) has the same validity array over T' as the corresponding partial term in
T has over its parent array.

Proof. (i). At the root of 77, the partial term ¢ is at Level 1 in 77 and has the
variable ¢ at depth 1 in its term tree. Assume the statement is true for partial terms
at Level H in 77, and that f(Z, ) is at Level H 4+ 1. Then there is a term u(Z)
and a partial term p(Z, Q) at Level H in T’ such that f(Z, Q) is either p(Z, u(Z)0)
or p(Z, Qu(Z)). In either case ¢ has depth H + 1 in the term tree of f(&,¢). The
proof follows by induction on the level of f(#,¢) in T7.

(ii). At the root of J” the partial term ¢ has validity array [¢:T] = T over T while
T has ¢ with parent array T and validity array [¢:7T] = T. Assume it is true for
partial terms at Level H nodes and that f(&, ) is at a Level H + 1 node v in 7.
Let p(Z, Q) be the partial term at the Level H parent node p of v. In T let ¢(Z, O)
be the partial term at g and let A be the validity array of ¢(Z, () over its parent
array B. Let g(#, ) be the partial term at v in T that is valid with respect to A.
(see Fig. [Bl)

We must verify that [f(Z,0):T] = [9(Z,0): A]. From the definition of T" we
have f(%,0) = p(%, g(Z,0)). By induction, [p(#,¢):T] = [¢(#,Q): B]. Let @ € G*
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T T
Level H 4+ 1 v e g(Z,0) vy f(&,0)=p( g(7,0))
Level H we q(Z,0): A py p(, Q)
¢ r(Z,0): B '

Fig. 5. Theorem [(ii) [¢(Z, O) : A] = [f(Z, Q) : T).

and b € G. Then we have

and consequently [f(Z,0):T] = [g(Z, ) A]. O

Corollary 8. Assume that a finite groupoid G and a target array T are input to
a BEA. Then some term in M will complete some partial term of T to a solution
to its parent array if and only if that same term of M completes the corresponding
partial term of T’ to a solution to T.

Proof. A term of M will complete a partial term of T to a solution to its parent
array if and only if it is a solution to the validity array of that partial term over its
parent array. Similarly, a term of M will complete the corresponding partial term
of T to a solution to T if and only if it is a solution to the validity array of that
partial term over T. By Theorem [(ii) those two validity arrays are the same. O

This corollary to Theorem [7(ii) tells us that the question (x) translates into the
equivalent question

(") What would give us reason to believe that some term of M will complete some
partial term in T’ to a solution to T'?

At last, Theorem[7(i) suggests an answer! As we go up the tree J’, the {s go pro-
gressively deeper in the partial terms. This fact could have significant consequences
if the groupoid is k-TC.

Here is how it might work. Assume that the groupoid G is both idemprimal
and k-TC, and we input G and a target array 7" that has a solution to a BEA.
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Now consider a partial term f(Z, ) that is very high in the tree 7, and therefore
has ¢ very deep in its term tree. If f(&, u(Z)) is any completion of f(Z, ), then
term continuity says that other completions f(&,v(Z)) of f(Z, ) will have term
operations that differ from f(#, u(Z))<, and therefore from each other, in few places.
That means that the set of all term operations, we get from completions of f(Z, Q)
should be small, each being, on average, produced by a large proportion of the
k-ary terms. Since G is idemprimal and T has a solution, Theorem [ says that
some completion f(Z,u(Z)) of f(&, Q) is a solution to the parent array of f(Z, )
and therefore, by Corollary Bl is also a solution to 7. But then we should expect,
for a large proportion of k-ary terms v(Z), that f(Z,v(Z)) will have the same term
operation as f(Z,u(Z)) and therefore also be a solution to 7. As the proportion of
terms that produce a solution to T by completing a partial term of J’ rises, the
likelihood that a term of M will be among them should rise as well. If one does
appear in M, then we will get a solution to 7.

If this is all correct, then we would have an answer to ('), and therefore also
to (x): We would expect that some term of M will eventually give us a solution to
T if the groupoid G is idemprimal and k-TC. In Sec. B we will prove Theorem 2]
saying that, if £ > 1 and the groupoid is k-TC, then the set of term operations that
can be produced from a partial term high in 77 will often be small in a dramatic
sense: It will contain only one term operation! If the groupoid is also idemprimal,
then some term must complete those partial terms to a solution to 7T'. It follows
that every term will complete them to a solution to T, and the choice of the test
set M will not even be relevant!

6. Constant Partial Terms from Term Continuity

The strategy above depends on the following notion. A finite groupoid G and a
partial k-ary term f(&, ) together define the map from the set of all k-ary terms
into the set of k-ary term operations on G taking u(Z) to f(Z,u(Z))®. We say that
the partial term f(Z, Q) is constant on G if the range of this map contains only one
operation. This notion allows us to state a condition that is sufficient to guarantee
the success of a run of a BEA.

Theorem 9. Assume that an idemprimal groupoid G and target array T that has
a solution are input to a BEA. If the BEA eventually generates a partial term in T
whose associated partial term in T’ is constant on G, then it will return a solution
to T and terminate.

Proof. Let g(Z, ) be the first partial term produced by the BEA whose corre-
sponding partial term f(Z, () at the same node in J” is constant, and let A be the
parent array of g(Z, ¢). Since G is idemprimal and T has a solution, Theorem fland
Corollary Blsay that some term completes f(Z, ) to a solution to T'. Since f(Z, )
is constant, every term must complete it to a solution to T'.
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Let m(Z) be the first term of M that is tested on g(Z, (). Since f(Z, m(Z)) is
a solution to T', Corollary Rl tells us that g(Z, m(Z)) is a solution to A. By the
Termination Theorem [B(ii) it follows that the BEA will then (i) return a solution
to T and (iii) terminate. m|

The remainder of this section will not be concerned with either the TGP, BEAs
or idemprimality. Its only goal is to investigate, for a finite groupoid, the frequency
of occurrence of constant partial terms among all partial terms. In general there is
no reason to expect a non-trivial finite groupoid to have any constant partial terms
at all, as a familiar example shows.

Example 10. A non-trivial finite group G has no constant partial term.

Proof. Suppose f(Z, Q) is a constant partial term and let ||G|| = n. Since G is
associative and satisfies 2™ = e, there are groupoid terms p(Z) and ¢(Z) such that
G satisfies the identity f(Z, Q) ~ p(Z)0q(Z). Then G satisfies

wo & f(&, ()" woq(F)" ) = f(@ p(@)" " age(@)" ) = ap.
Consequently G satisfies e =~ xg and is therefore trivial, a contradiction. O
Let N denote the set of all positive integers. We will fix a finite groupoid G =
(G, ) and an integer k € N. Let Tm be the set of all k-ary terms. For all h, H € N
with h < H, let Tmy be the set of all terms in Tm of height at most H, let ¥y be
the set of partial k-ary terms of height at most H and Jpg ), be the set of partial
terms in Fy with ¢ at height h. Let C denote the set of all partial k-ary terms that

are constant on G and define Cy := Fy N C and Cx p := Fg p N C. Then we have
partitions

Fu=Fu1UFy2U - UFyg g1 UTpm,
GHZGHJUGHQU UGH7H_1UGH7H. (1)

It will be useful to have names for the sizes of all of these sets. Taking ty :=
|Tmp||, we have t; = k and ty+1 = t% + k, as every term of height at most H + 1
is either a product of two terms of height at most H or a variable. This sequence
grows very fast for all & € N. In particular, if £ > 1, then

ty >k (2)
for all positive integers H. For h < H in N, we will use the abbreviations
fo=Ful fan=1Funl ca:=|Cull cun:=ICanll
to obtain from (1) the breakdowns
fu=fu1+ fu2+--+ fog—1 + fum,

cy =cu1+cua+- -+ CcHH-1+CHH. (3)
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In this section, we will examine the asymptotic behavior of the sequence

_Cxll  em  cmptemot--Acuum1+can

= B - )
\Full  fao  fur+fuze+-+foa-1+ fon

X ok ok ko 3k

Lemma 11. For every k > 1 in N, every non-trivial finite groupoid G and every
h < H in N, we have

(i) fu1 =1 and fai1ne1 =2ty fan,

(ii) fuyr =1+ 2ty fu,

(ii) eg1 =0 and cgi1 ht1 > 2tacyn,
)

(iV CcH+1 > 2tgey.

Proof. (i) As ¢ is the only partial term with ¢ at height one, Fg 1 = {0} and so
fu.1 = 1. Since every partial term in Fg41 541 is a unique product
Frsiper = Tmp *Fgp U Fgp«Tmy,
we have fri1ny1 = tafan + fanta = 2tgfan.
(ii) Part (i) and (3) give us
fos1 = fusig+ fasr2+ -+ fus1,8 + fus1,5401
=1+2ty(fur+ -+ fau-1+ fun)
=142ty fu.

(iii) Since k£ > 1 and G is non-trivial, the partial term ¢ is not constant so Cp 3
is empty and cp1 = 0. From (i) each partial term f(Z, ) of Fpp extends to 2ty
partial terms of Fpriq p41. If f(Z,0) is constant, then those 2ty extensions are all
constant as well. Thus, cg41,h41 > 2tacu n.

(iv) Applying (iii) and (3), we have
CH+1 =c¢CHg+11 tcgri2+ ...+ cgri,g +Cav1,H+1

20+2tH(CH,1+-~~+CH,H71+CH,H):2tHCH~ O

Our initial goal is to prove that the sequence q1, q2, q3, . . . does indeed converge.
Although it is not necessarily non-decreasing, it comes very close.

Lemma 12. If G is a non-trivial finite groupoid with J > H and k € N, then
1
9o —qs < =2

Proof. If k = 1, this is true, so assume k > 1. We can now apply Lemma [IT|(ii),
(iv) and (2) to show that gy cannot exceed g1 by more than a wvery small
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margin.
CH  CHy1 _ CH  2tgcm
fu  fuq1~ fm 14 2tufm

_ CH(l + 2tHfH) — fH(QtHCH)
fu(l+ 2ty fu)

qH — 4H+1 =

_ cH - Ju
fH(1+2tHfH) fH(O+1tH . 1)
1 1 1
=iy ST S e
1
and therefore gy — g1 < AT
Using this inequality, we obtain, for all J > H in N,
J—1 J—1 1 o) 1
92 =47 = Z(qf —dar+1) < JIESE Z EI-1
I=H I=H I=H
B 1 - 1
- kH—2(k,_1) = pH-2" O

Theorem 13. For every finite groupoid G and every integer k > 1, the sequence
41,92, 43, - . . converges to some limit X in [0, 1].

Proof. We assume that G is non-trivial since the sequence converges to A = 1
when it is trivial. For each H € N the set {qm, ¢rr+1,qm+2,- .-} is bounded above
by 1. Let uy be the least upper bound of this set. Then the sequence w1, us, us, . . .
is non-increasing and is bounded below by 0. We will take A to be the greatest lower
bound of the set {uy, us,us, ...} and show that g1, ¢2, g3, ... converges to A.

Let € > 0 and choose H € N such that uy < A+ ¢/2 and 1/kf172 < ¢/2.
Since uy — €/2 is not an upper bound for {qm, qmi+1,qm+2 ...}, thereisa J > H
such that ug — €/2 < q;. Now choose any K > J in N. By Lemma [[2] we have
q7 < qx +1/k772 < qi + €/2 and therefore

§>uH—QJ>/\— (qK+%>.Thus,)\—e<qKSuKSnguH<)\+§.
It follows that |gx — A| < € for all K > J. O

X ok ok ok

It remains to examine the value of the limit A. For example, if G is a non-trivial
finite group, then Example [I{0 tells us that each ¢y is 0 and consequently A = 0.
However, the discussion at the end of Sec. Blsuggests that term continuity may lead
to positive values of A. To see if this is true, we will review background about term
continuity from [3] and then, in Theorem [[5] present a new condition equivalent to
term continuity that is tailored to the present context.
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We say that a set V C Tm is a mutation set if it is finite and it contains the
set Tm;y of variables. For each H € N let Uy be the set of all pairs (¢(Z, ), u(T))
such that ¢(Z, Q) is a partial term, u(Z) is a term, and ¢(Z, u(Z)) € Tmpy. Relative
to a choice V of mutation set, we define

My :==Ug xV={(t,u,v)|(t,u) € Uy and v € V},

where “(t,u,v)” is an abbreviation for “((¢,u),v)”. A triple M := (t,u,v) =
(t(Z,0),u(Z),v(Z)) is a mutation if it is in M for some H € N. We think of M as
replacing the subterm u(Z) of ¢(Z, u(Z)) with v(Z) to form the term ¢(Z, v(Z)). Note
that each My is finite, allowing us to compute sums and probabilities over Mp.
We can now state the definition from [3] of the Continuity Condition for
Groupoids mentioned in the introduction. Given a mutation M = (t,u,v), we
denote by HD(M) the Hamming distance between ¢(Z,u(%))¢ and ¢(#,v(%))%,
that is, the number of k-tuples on which their values differ. For each positive inte-
ger H, the mean Hamming distance, pHD(H), is the average value of HD(M)
over all M € My. The finite groupoid G is k-TC if, for every mutation set V,

h}im uwHD(H)=0.
In [3] Theorem 3 shows that this condition is equivalent to two others. We will
make use of the third.

Theorem 14 ([3, Theorem 3(iii)]). Let G be a finite groupoid and let 1 < k € N.
Then G is k-TC if and only if, for every mutation set 'V,

Hleoo Prob (t(Z,u(%))C = t(&,v(Z))C : (t,u,v) € My) = 1.
Continuing with a fixed finite groupoid G we extend the above notation from
[3] by defining, for all positive integers h < H, the sets
Uf == {(f,u) € Un | f(Z,0) € Cu},
Unn =A{(f,u) € Un | f(Z,0) € Fun},
UG, = UG N Upp,
M =Us x V.
These sets give us partitions of Uy and u% as
Ug =Uga UUgo U -+ UUgp—1 UUnm,
UG =UF, VUG, U -~ UUG 5y UUS 5.
For each positive integer H, we define
Mg = {(t,u,v) € My :t(Z,u(Z))® = t(Z,v(F))}.

Thus, My consists of all mutations that have no effect on the underlying term
operation of G. Note that, for every mutation set V and every positive integer H,

M, C M5 € My.
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In this notation, the condition for term continuity of Theorem [[4] above can be
rephrased as

MG

H—oo | M|

=1 for every mutation set V. (5)

Note that neither this condition nor the definition of term continuity either mention
constant partial terms or in any immediate way imply the existence of constant
partial terms. We now prove a theorem which gives a fourth condition equivalent
to term continuity that is significant in two ways. One is that it makes no mention
of the mutation set V. The other is that it guarantees an abundance of constant
partial terms for any finite groupoid that is k-TC.

Theorem 15. For 1 < k, a finite groupoid G is k-TC if and only if

Ul

lim =
H—oo [|Ug|

In words this says that, asymptotically, for almost all pairs (f(Z, ), u(Z)) for which
f (&, u(Z)) has height at most H, the partial k-ary term f(Z, ) is constant.

Proof. We will use the condition (5) for k-term continuity. First assume that the
sequence displayed in the statement of the theorem converges to 1. Then, for every
mutation set V and every H € N, we have

I I x VI x V] s

Mal — Ml Ue x VI [Ual
It follows that (5) holds, and therefore G is k-TC by Theorem [I4]

Conversely assume G is k-TC and choose € > 0. Since G is finite, we can choose

a (finite) mutation set V such that every k-ary term operation of G is represented
by some member of V. By (5) there is a positive integer Hy such that H > H
implies that

[ M| €
> 1 — .
[ M| VIl
Let H > Hy and define Ny := My \M7z; and N == Uy \UE. Then
e MG, INal _,INa
VIE 1V WUer x V| W - (V]

and consequently | Ng| < [|Ug|le.

We will show that there are many constant partial terms from Uy by showing
that the set N, of pairs (f,u) in Uy for which f is not constant is also small.
Let (f,u) € N%. By our choice of V, there is a v € V such that f(Z, u(%))S #
f(&, (%)%, Since (f,u) — (f,u,v) € Ng is a one-to-one map from N, into Ny,
we see that [| N || < [[Ng||. Now we have

Gy Nl INal Ul
Ml =7 MWl = Tl Mal

Consequently | U%||/||[Ug|| converges to 1. |

1—e
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Corollary 16. For 1 < k, a finite groupoid G is k-TC if and only if

. cgaty +cepoty—1+ -+ cygp_1ts+cypty
im _
H—oo fpatpg + fuotug—1 + -+ fopg—1te + fo .t

Proof. We show that this statement is obtained by writing Theorem [[Al in more
explicit detail. Note that for each positive integer h < H, we have

e
uH,h = ?H,h X ‘J’mH,thl and uH7h = GH,h X ‘J’mH,thl.

Using the abbreviation cgrj, := ||Cp.p| and the partitions (4) of US and Up, we
can expand the quotient in Theorem

UG UG UG 0 - DUy UG

Ul Uga UUg2 U - Ul g1 U Unml

UG+ UGl A UG g )+ UGl
U all + U2l + -+ + U1 + |Us a1

_ cgaty +cpotp—1+ -+ cgp-1t2 +cy .ty
fuitag + faotu—1 + -+ faa—1te + fouti

Lemma 17. For all k € N, every finite groupoid G and all h < H in N, we have

(i) fon+1 = 2ta—nfHh,

(i) cmnt1 > 2tg—ncH,n,
(iif) S < A

fun — fum”

Proof. (i) Define a:Fy py1 — Fup as follows. If (&, 0) € Fyp+1, then there is a
unique ¢(Z, Q) € Fu,p, and u(Z) € Tmy_j, such that f(Z, Q) is either g(Z, Qu(Z)) or
9(Z, u(Z)0). Let a(f(Z,0)) = g(&, ®). Then each partial term in Fp p, is the image
of exactly 2ty _j, members of Fg 1.
(ii) If g(%, O) € Cu.p, then a~1(g(Z, 0)) is a set of 2ty _j, members of Cp p41.
(iii) Applying (i) and (ii), we have
CHh _ CHhtl _ CHht2 _ _ CHH
fan = fanrer ~ faHnr2 T 7 fun

Lemma 18. For 1 < k € N and every finite groupoid G, the sequence
C1,1 €22 €33

fia foo fas

s non-decreasing and bounded above by 1, and therefore converges to the least upper
bound k < 1 of its range.

Proof. Using Lemma [[1](i) and (iii), we have

c 2tyc c
1> CHHLHA o 2UHCHH _ CHH

~ fusimpe o 2tufun fun
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As an illustration of Lemma [I§, we know from Example [0 that x = 0 if G is a
non-trivial finite group. We can now exhibit the one place where term continuity
enters the argument, which is to determine the value of k.

Lemma 19. If1 < k € N and the finite groupoid G is k-TC, then

. CH,H
lim —— =kx=1.
H—oo fH,H

Proof. By Lemma [[7(iii) and Lemma[I8], for all h < H,

CHh _ CHH
= < == <k sothat cyp < funk.

fan = funm ~

From (6), we have

us|| _ cHaty Fcuptua+ -+ cpaity + et
Well  faata + fasta—1+ -+ fam—1te + fuut:

fuitak + faota—1k+ -+ fop—1tok + foptis _
faatu + faotu—1+ -+ fau—1te + fuut:

Thus,
e
S
W |
By Theorem [[3] term continuity of G says that the quotient on the left converges
to 1, and therefore x must be 1. O

Lemma 20. For all H € N and k > 1, we have

fo,m k
—’> .
fu kE+1

Proof. It is easy to verify this conclusion separately for H = 1,2, so assume H > 2.
Applying the recursive description Lemma [I7[i) of fg p, we have

fu2=2tg_1fa1 = 2tg_1,
frs =2ty ofms =2y otg_1,
fra=2ty_3fws =2y sty oty 1.
In general, this gives us, for 1 < h < H in N,
Jan = 2h71tH—(h—l)tH—(h—Q)tH—(h—?)) celp—otp—1. (7)
Using (3) and (7), we obtain
fo—fuoeg=far+ fuo+ fus+- -+ fuma
=142ty + 2%ty atg—o+- + 292ty ity _o.. tsts
<(T+24+22 425Dty gty 5. . taty

< 2H_1tH_1tH_2 - t3t2t1/t1 = fH,H/k
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Thus,

f
k

fu— fun <

H:>fH<fHH<k+1)=>fH’H i

k fr >k+1

as required. O

Since most partial terms of height at most H are in Fy g (Lemma 20) and
almost all partial terms in Fy g are constant (Lemma [3), it should follow that
most partial terms of height at most H are constant. Our next theorem confirms a
more precise formulation of this expectation.

Theorem 21 (Constant Term Theorem). If1 < k € N and the finite groupoid
G is k-TC, then there is a number \ such that

2< k <A<1 and lim H H” i i

LAY
3 ki 1~ H—o00 HEFHH H—o0 fH

In particular, most partial k-ary terms are constant.

Proof. Since 1 <k, Theorem [[3] says that ¢1, g2, g3, . . . converges to a number A €
[0,1]. Let € > 0. By Lemma [T9 there is a J € N such that H > J implies that

cwp g (Bt 1e
fu.n k

Applying Lemma [20, we have, for all H > J,

Tz () () (-5 ()~
fu = fu  \funm fu k E+1) k+1 '

Consequently the limit A is at least

B o

7. Conclusion

Our results point to the conclusion that, in general,

a BEA will successfully solve the TGP for k-ary targets if the groupoid is idem-
primal and k-TC with k > 1.

To recapitulate, consider a run of any BEA with a finite groupoid G and a k-ary
target array T that has a solution as inputs. Theorem Bltells us that the BEA will
successfully find a solution to T if and only if it terminates. There are three possible
outcomes of this run, two that fail and one that succeeds.

(1) For some H > 1 it never finds b valid partial terms to construct Level H.

(2) Tt constructs Level H for every H > 1 without solving any array in J.

(3) Tt produces a partial term in T’ which it can complete to a solution to T" with
some term in M, returns that solution and terminates.
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If G is idemprimal, then Theorem [ltells us that, with probability one, (1) will not
occur. If outcome (1) does not occur, then failure must be a result of outcome (2).

If G is both idemprimal and k-TC with k£ > 1, we have good reason to believe
that (2) will not occur either. Theorem [2]] tells us that, as H grows large, the
proportion of partial k-ary terms that are constant will exceed each number less
that 2/3 from some point on. Assuming that the partial terms generated by the
BEA are in some minimal way representative of all partial terms, we might well
expect that, at high enough levels of 77, a constant partial term will soon appear.
At that point Theorem [@says that the first term of M that is tested will complete
that partial term in T’ to a solution to 7. By Corollary [§] the same term of M
will complete the corresponding partial term in 7T to a solution to its parent array,
thereby preventing (2) from occurring.

If neither (1) nor (2) occur, we will be left with (3) as the expected outcome.
This conclusion falls short of a theorem since we have no direct knowledge of the
distribution of constant partial terms among the partial terms that are generated
by a BEA. However, many experiments like the one presented in the next section
suggest that our BEA is never impeded by either of the obstacles (1) or (2) when
G is both idemprimal and k-TC, and that it normally is so impeded otherwise. Our
theorems explain why that should be the case.

8. A Sample BEA

In this section, we will present a specific BEA, exhibit its performance on a ran-
domly generated sample of 4-element groupoids to illustrate the results presented
here, and state some questions and conjectures that arise from this work. In par-
ticular, we would like to see how success of the BEA correlates with the presence
of idemprimality, NSRs and asymptotic completeness.

We will say that a finite groupoid G is IPr if it is idemprimal and that it
has NSR if no subgroupoid of G has a separating relation. We will say that G
is asymptotically complete (AC) if it is asymptotically k-complete for every
positive integer k, and that it is TC if it is k-TC for every positive integer k. This
terminology gives an immediate consequence of the Continuity Theorem of [3] cited
in our introduction.

Corollary 22. A finite groupoid is TC if it is AC and has NSR.

The intent of [3] was to produce this result as a means to test a finite groupoid
G for TC. An efficient algorithm to determine whether or not G has NSR is given
in [3], but no conclusive test for AC is known. What is given in [3] instead is a
recursive formula to calculate the probability distributions 3;(1), 372), 87(3), ...
for a given choice of k and d € G*. Experience suggests that, for every choice of
kand d € G* , a spreadsheet calculation of an initial segment of this sequence will
produce a fairly convincing case that the probabilities are bounded away from zero
or that they are not. Assuming we accept these conclusions, we can, for any positive
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integer k, test each de G* to get a good sense as to whether or not G is k-AC. But
we can do this with only finitely many choices of k, leaving us with no convincing
basis to conclude that G is AC in general.

An efficient solution to this problem, first conjectured in [3], remains unproven
and is still supported by all of the spreadsheet runs we have done to date.

Conjecture 23. Let G be a finite groupoid and let k and k' be positive integers.
Assume that the coordinates of deGFandd e GV generate the same subgroupoid
of G. If a is in that subgroupoid, then By, is eventually bounded away from zero if
and only if ﬁjf,a 1s eventually bounded avjuay from zero.

For our work in this section, we will tentatively assume that this conjecture is true,
and that the spreadsheet runs we do accurately predict the presence or absence of
AC. In that case, we can determine if G is or is not AC by testing only one choice
of d for each non-trivial subgroupoid of G.

In order to present a particular BEA, we will take & = 3 and consider the
TGP for ternary operations with variables z, y, z. We must specify choices for
the five unspecified parameters listed in Sec. Bl after the schema for BEAs. Doing
multiple informal experiments with different choices of these parameters, we found
considerable variation in the efficiency with which each of these choices found terms
for 4-element groupoids. Ultimately we settled on the following choices as giving
the best performance we could obtain.

(1) h=4,

(2) b=1,

(3) the Grow algorithm of [7] as the Valid Term Generator,

(1)

(5) M = Tmag, the set of 12 terms {x,y, z, xx, 2y, T2, YT, Yy, Y2, 2%, 2y, 22 }.

produce a single valid term without pruning and

Our experience was that, without explicit parallel processing, choosing more than
b = 1 terms at each level, or producing more than b = 1 and pruning down to b = 1,
took more time to find solutions.

We have seen that, in the presence of TC and IPr, the eventual success of a
BEA does not depend on the choice of the test set M. But the choice of M does
affect the total run time. A larger set M makes it likely to find a solution in M at
a lower level of the tree T because there are more test cases. But a smaller set M
makes it quicker to get to higher levels because fewer tests need to be done. Our
choice of M = Tmy appeared to be a good balance between these two constraints.

As a typical application of this BEA, we applied it to a search for a discriminator
term for the groupoid D; presented in the introduction. It easily passed the NSR
test. As it is primal, it is I[Pt and has no proper sub-groupoids. Thus, only one choice
of d was needed to confirm that it is AC. Thus, our results predicted that it would
yield terms under the BEA. The outcome of this run was that the BEA delivered
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the discriminator term below for D with 492 variable occurrences in 1.3s.
t(x,y,2) = ((xxy) x2) *2) x ((z xy) x2) * (2 x2) * (y * 2)))) * (((x * y)
#(((zx2)x2)*2) * (((y*2) * (y*2) *2) * ((y*z) *y)) * (((y * )

Yrz))(((z % (2% @) % ((z% (2% 2)) %)) * (2 * )
wxx)* (zxx)x ((zra)* ((zxz)* ((z*x)
# (((zx (2 (y xy))) * (zx2))
zxx)((zxx)* ((zxx)* ((zxz)* ((x*xz)* ((z*z)
(xxz)* (xxx) * (2% 2)* ((z+2) * ((x*2)
(yxx)*y)xz))*((yx((zxy)x(y*y))) = ((y*(y
zx2)(yxy)))) * (2 (2 ((z % 2) * (y * 2))
xy) = ((y = (z+y)) * ((z*y) = (y xy))
#2))) % ((yxy) = ((yxy)* ((y*y)* ((y*y) = ((yxy)* ((y* (@ ((y*z)
X (y*y)))) * ((zx2)* (2 *2) * ((z+2) * ((2x2)* ((x* (2 x2))
(2 2) % y)) * (% (15 2) % (2% 2)))) * (2 * (2 % (z % 2)))
zo(@x(zx2))*((zx2)* ((z2) % ((z%2) % ((z%2)((2 % 2)
wxx)x((@xx) s ((@ra) ((zra)* (zrz)*(z*z)*((y*(y*y)
wxy)x ((y*x) = (@ (xxy)))) * ((y*y) * (2% (2% 2))

) # (= y) = ((y* (g y)) = (((y * 2)(y = (2 2) % (y % 2))))
zxz)* (2 x2) x (@5 2)) « (2 xy) xy) «2) « ((2 % (y * 2))
2 (2% ((xxx) % 2)) = (((y +y) = (((z  x) *y)
((zxy)x2)(zxy)* ((yx ) * (2% y))))
«2)* (zxy))) x (((y+y) = ((yxy) * (y+y))) * ((y*y)
yry) s ((yxy) = (((yxa)* (@ (2% (2xy)))) * ((z*2) = ((x x2)
(= ((y=y)(y*y))) = (y* (@ x2))* ((y xy) * (2 x2) * ((z * )
g (zx((mx2)*2) * ((y*z)*z)* (z*z)* ((z*2)
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((y * (zx ) * (@ + (y x 2))) * (2% ((y * 2) % (y x 2)))) * ((y * 2)

(
(

(
( (v (y* (zx2))) * ((((y * 2)
*2)) ¢ (2 (2 y)) * 2)) x (2 % 2) % (2% ((y * 2) (2 x y))))
(
(

While we found this to be a rather large term by normal standards, we do consider
it a sizable improvement over either a term with 10*> variable occurrences or a
10%°-year search.

We were not able to get this BEA to find terms for 5-element groupoids, which
have much larger search spaces. We suspect that better performance might be
achieved if multiple copies of the VT'G could be run in parallel and a larger number
of valid terms could be produced at each level and then efficiently but effectively
pruned down to b of them.

Problem 2. Find different choices for the five unspecified BEA parameters that
will result in a BEA that can find terms for larger groupoids as was done in [3].

In order to get a sense as to when this BEA is and is not successful, we ran it
on some randomly chosen inputs. We began by getting 160 randomly chosen digits
in {0,1,2,3} from (www.random.com), which draws on atmospheric noise. Putting
those digits into ten blocks of 16 each generated tables for ten randomly chosen
groupoids shown in Fig.[6] We chose Dy as the first of these ten.

We then proceeded to test the BEA on each of these groupoids. To do this, we
needed a target operation on each groupoid that we knew in advance was a term
operation. If a groupoid does not have a discriminator term, it is in general difficult
to determine which operations are term operations. In order to find a target term
operation for each of these groupoids, we used a randomizing algorithm to generate
a term with 100 variable occurrences for each one. We then calculated the values
of that term at each triple, and used those values as our target operation for that
groupoid. We did five runs of the BEA with each of the ten groupoids on its target
operation, a total of fifty runs. A run was timed out if it did not terminate with a
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Fig. 6. Ten random 4-element groupoids.

Table 1. BEA run times in seconds.

Run 1 Run 2 Run 3 Run4 Run b

t/o= 10min 10min 10min 10min 1h Mean
D, 23.0 6.2 5.4 51.3 13.6 19.9
D» t/o t/o t/o t/o t/o

D3 2.4 2.0 1.6 2.1 1.8 2.0
Dy t/o t/o t/o t/o t/o

Ds t/o t/o t/o t/o t/o

D¢ 3.5 9.2 5.2 10.8 10.2 7.8
D~ 0.9 0.9 0.9 1.0 1.2 1.0
Dsg 1.2 3.0 1.7 3.9 4.1 2.8
Do t/o t/o t/o t/o t/o

Dio 1.4 2.6 11.8 1.0 9.7 5.3

Mean 6.5

solution after ten minutes. If four runs timed out at ten minutes, we let the fifth
run go for sixty minutes before timing out. The results of these runs are shown in
Table .

What we found was that the ten groupoids divided cleanly between six that
terminated on every run in less than a minute (D, D3, Dg, D7, Dg,D1g), with
an overall mean run time of 6.5s, and four that timed out on every single run
(D3, Dy, D5, Dy).

Our final step was to examine the ten groupoids to see, for each one, which of
the conditions NSR, AC and IPr it satisfied.

NSR. Using the algorithm given in [3] we quickly verified that these groupoids
all have NSR with the exception of Dg. The table for Dy shows that {0,1} forms
a subgroupoid with ¢ = {(0,1),(1,0)} as a separating relation. These facts are
recorded in the second column of Table
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Table 2. Success (+) or failure (—) of the BEA and properties of
groupoids.

BEA NSR AC 1IPr (Primal) Proper subgroupoids

D, + * * * *

Do — {1}7 {07 1}

D3 + * * * {2}

D4 — * {0’ 172}

D5 — * {0’ 273}

Ds + * * * {2}, {3}

D~ + * * * {2}, {3}

Dsg + * * * *

Dy — * {0}, {3}, {0,3}, {0,2,3}
Do + * * * {1}

AC. Using Conjecture 3] to judge AC, we took d:= (3,0,2,3,1,1,2,3,2,3), with
coordinates generating each groupoid itself, and ran the spreadsheets until the
values appeared to form a stable pattern to six decimal places. This led us to
conclude that Dy, Dy, D5 and Dg are not AC because, for some element a, the
sequence (3 7o Converges to zero. Each of the other six has no non-trivial proper

subgroupoids, so Conjecture [Z3] required that we only examine this one choice of d.
In contrast to the first four, these groupoids each reached a stable repeating pattern
of all non-zero values in less than 32 iterations. We therefore recorded them as being
AC in the third column of Table

IPr. Judging IPr posed a different kind of challenge. The definition of “idemprimal”
offers no practical way to tell whether or not a finite groupoid is idemprimal. But
Pixley [10] and Werner [I4] found an important characterization of idemprimality
that proved helpful.

Pixley/Werner Theorem. A non-trivial finite algebra is idemprimal if and only
if it has no non-trivial congruences, automorphisms or proper subalgebras and has
the ternary discriminator as a term operation.

The four groupoids that are not AC, D5, Dy, D5, Dg, are not IPr because
they each harbor a non-trivial proper subgroupoid, as indicated in the last col-
umn of Table @l Of the remaining six, D; and Dg are easily checked to be pri-
mal by Rousseau’s Theorem [12], and are therefore idemprimal. The other four,
D3, Dg, D7, D1, have no non-trivial congruences, automorphisms or proper subal-
gebras. But they are not primal because they each have at least one idempotent,
listed as a one element subgroupoid in Table

It remained to determine whether or not D3, Dg, D7 and Dy are idemprimal.
By the Pixley/Werner Theorem, this meant determining whether or not they have
discriminator terms. If one of them did not have a discriminator term, we would
have had no efficient means of establishing that fact. However, if one did have a
discriminator term, then Theorems 6l @l and 2Tl said that our BEA should eventually
be able to find it. As an application of our BEA, we ran it on each of these four
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groupoids with the ternary discriminator operation as target. The good news is that
it did successfully find a discriminator term for each one in the following times.

D3 :2.28 D6 :16.0s D7 :29.6 D10 177.3s.

We have therefore listed these four as IPr in the fourth column of Table [2

The first column of Table[Zlsummarizes the data of Table [[l by indicating which
groupoids successfully yielded terms under our BEA. Comparing these results with
the next three columns of Table[2] we are presented with a striking correlation.

Experimental Results. The siz groupoids for which terms were efficiently found
for random targets each satisfy the three conditions NSR, AC and IPr, while the
four that timed out on all Tuns each fail at least one of those conditions.

While this is not a statistically significant experiment, we present it as an illustration
of the correlation between success of a BEA and satisfaction of NSR, AC and IPr
predicted in Sec.

The significance of the conclusion of our work given in Sec. [[ldepends on the fre-
quency that finite groupoids satisfy NSR, AC and IPr. Note that the IPr groupoids
in Table [ are exactly the ones that satisfy both NSR and AC, and are therefore
TC. This is not generally the case, as [5, Table 6] gives examples of 5-element
groupoids showing that no two of the properties NSR, AC and IPr imply the third.
But [5, Table 5] shows that, of ten random 5-element groupoids, ten have NSR,
eight are AC and six are IPr. Altogether these data suggest that NSR and AC are
at least as common as IPr. In view of Murskii’s Theorem, this observation lends
support for two conjectures implicit in Clark [3], Question 34.

Conjecture 24. The proportion of groupoids G := ({0,1,...,n — 1}, ) that have
NSRs approaches one as n approaches infinity.

Conjecture 25. The proportion of groupoids G := ({0,1,...,n — 1}, %) that are
AC approaches one as n approaches infinity.

If these two conjectures are true, Corollary 22 would give us an immediate conse-
quence.

Conjecture 26. The proportion of groupoids G := ({0,1,...,n — 1}, %) that are
TC approaches one as n approaches infinity.

If this conjecture were true, our work here would indicate that the proportion of
n-element groupoids that efficiently produce terms under a BEA will approach one
as n approaches infinity.
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